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The kamiokite, Fe2Mo3O8, is regarded as a promising material exhibiting giant magnetoelectric
(ME) effect at the relatively high temperature T . Here, we explore this phenomenon on the basis
of first-principles electronic structure calculations. For this purpose we construct a realistic model
describing the behavior of magnetic Fe 3d electrons and further map it onto the isotropic spin
model. Our analysis suggests two possible scenaria for Fe2Mo3O8. The first one is based on the
homogeneous charge distribution of the Fe2+ ions amongst tetrahedral (t) and octahedral (o) sites,
which tends to low the crystallographic P63mc symmetry through the formation of an orbitally
ordered state. Nevertheless, the effect of the orbital ordering on interatomic exchange interactions
does not seem to be strong, so that the magnetic properties can be described reasonably well by
averaged interactions obeying the P63mc symmetry. The second scenario, which is supported by
obtained parameters of on-site Coulomb repulsion and respects the P63mc symmetry, implies the
charge disproportionation involving somewhat exotic 1+ ionization state of the t-Fe sites (and 3+
state of the o-Fe sites). Somewhat surprisingly, these scenarios are practically indistinguishable from
the viewpoint of exchange interactions, which are practically identical in these two cases. However,
the spin-dependent properties of the electric polarization are expected to be different due to the
strong difference in the polarity of the Fe2+-Fe2+ and Fe1+-Fe3+ bonds. Our analysis uncovers
the basic aspects of the ME effect in Fe2Mo3O8. Nevertheless, the quantitative description should
involve other ingredients, apparently related to the lattice and orbitals degrees of freedom.
I. INTRODUCTION
Materials with the general formula Me1Me2Mo3O8,
where Me1 and Me2 are alkali, alkali earth, transition or
post-transition metal ions distributed amongst tetrahe-
dral and octahedral positions, are extremely interesting
not only for the fundamental science, but also for dif-
ferent applications. Various intriguing phenomena such
as realization of the spin-liquid phase [1], giant optical
diode effect [2], valence-bond condensation [3], and mag-
netoelectricity [4, 5] were found in this group of materi-
als. Such a variety is ultimately related to three aspects
of the crystal structure of Me1Me2Mo3O8. First, it is
polar, which is important for the magnetoelectric effect.
Second, the Me1 and Me2 sites can easily accommodate
all kind of ions, starting from the simple alkali ones, and
ending by transition or even post-transition metal ele-
ments. As a result, by changing Me1 and Me2 one may
vary the valency of Mo ions. Furthermore, the Mo ions
form isolated trimers (the third important aspect), which
makes these materials interesting testbed also for study-
ing of the cluster-Mott physics [6, 7].
Fe2Mo3O8 (the kamiokite [8]) is one of such materials,
whose properties were under intensive investigation dur-
ing last years. The Fe ions in Fe2Mo3O8 occupy both
tetrahedral (t-Fe) and octahedral (o-Fe) positions. Fur-
thermore, the FeO4 tetrahedra are distorted and this
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distortion points in the same (z) direction [9]. Thus,
the material is polar and this property is manifested in
the nonreciprocal high-temperature optical diode effect,
which was observed in Zn doped Fe2Mo3O8, where the
intensity of light transmitted in one of the directions was
hundred times smaller than in the opposite one [2].
Another interesting aspect of Fe2Mo3O8 is the mag-
netoelectric properties – the interplay of the electric po-
larization and magnetism. Due to the trimerization, the
Mo4+ ions appear to be nonmagnetic. However, the Fe
ions have local magnetic moments, which order antifer-
romagnetically below TN ∼ 60 K [10]. The antiferro-
magnetic (AFM) transition is accompanied by the giant
(∼ 0.3 µC/cm2) jump of the electric polarization [4]. Fur-
thermore, the AFM order appears to be fragile and can
be easily switched to the ferrimagnetic (FRM) one by the
external magnetic field and/or the Zn doping [4, 5, 11].
This AFM-FRM transition is again accompanied by the
jump of electric polarization being of the order of −0.1
µC/cm2 [4, 5]. These examples clearly show that the elec-
tric polarization in Fe2Mo3O8 depends on the magnetic
order and can be manipulated by changing the magnetic
order. Another interesting manifestation of the magneto-
electric coupling in Fe2Mo3O8 is the observation of elec-
tromagnons [12].
Although the electronic structure of Fe2Mo3O8 and re-
lated (Fe,Zn)2Mo3O8 compound was thoroughly investi-
gated both experimentally and theoretically [2, 13, 14],
details of the exchange coupling responsible for the AFM-
FRM transition remain mostly unexplored. Furthermore,
there is no clear consensus on the microscopic origin of gi-
2ant magnetoelectric effect observed in Fe2Mo3O8. Orig-
inally, it was attributed to the magnetostriction, which
manifests itself in different atomic displacements in dif-
ferent magnetic states [4]. Nevertheless, an alternative
point of view based on the Dzyaloshinkii-Moriya mecha-
nism was proposed recently in Ref. [15].
In this paper we study magnetic properties and magne-
toelectric effect in Fe2Mo3O8 using first-principles elec-
tronic structure calculations. After brief discussion of the
electronic structure of Fe2Mo3O8 in Sec. II A, in Sec. II B
we will discuss the construction the simple but realistic
model describing the behavior of magnetic Fe 3d elec-
trons. It can be regarded as the microscopic toy model
for Fe2Mo3O8, which included explicitly neither O 2p nor
Mo 4d states. The main advantage of this model is its
transparency, which can be regarded as the possible al-
ternative to the local density approximation (LDA) +U
methods [16], which are formulated in the complete basis
set of states, but suffer from uncertainty with the choice
of parameters specifying the subspace of correlated elec-
trons [17], and in this sense is less transparent. Then, the
effective 3d model is further mapped onto the isotropic
spin model (Secs. II C, IID, and II E), which is ana-
lyzed in terms of molecular-field approximation (MFA,
Sec. III).
Our analysis suggests two possible scenarios for
Fe2Mo3O8. The first one is based on the homogeneous
charge distribution amongst tetrahedral (t) and octahe-
dral (o) Fe sites (d6td
6
o, denoting the formal number of Fe
3d electrons at these two types of sites), which tends to
low the crystallographic P63mc symmetry through the
formation of an orbitally ordered state. Nevertheless,
the effect of the orbital ordering on the interatomic ex-
change interactions does not seem to be crucial and the
magnetic properties can still be approximately described
by averaged interactions obeying the P63mc symmetry.
The second scenario implies the charge disproportion-
ation, d7td
5
o, involving somewhat exotic Fe
1+ ionization
state. Nevertheless, it is supported by obtained param-
eters of on-site Coulomb interactions, which are more
“repulsive” at the o-Fe sites, reflecting details of the elec-
tronic structure. Furthermore, it respects the crystallo-
graphic P63mc symmetry. Somewhat surprisingly, these
two scenarios are practically indistinguishable from mag-
netic point of view as they produce very similar sets of
parameters of interatomic exchange interactions. How-
ever, the spin-dependent properties of the electric po-
larization are rather different, due to the strong differ-
ence in the polarity of the Fe2+-Fe2+ and Fe1+-Fe3+
bonds, realized in the case of d6td
6
o and d
7
t d
5
o, respectively.
The MFA uncovers the basic aspects of the ME effect in
Fe2Mo3O8, related to the emergence of net magnetiza-
tion at finite temperature T , which can be controlled by
the magnetic field, thus inducing the antiferromagnetic-
to-ferrimagnetic phase transition.
Finally, the brief summary of our work will be given
in Sec. IV. According to our analysis, the magnitude
of the magnetoelectric effect in Fe2Mo3O8 can be un-
derstood by considering the isotropic electronic contri-
butions to the electric polarization for the fixed crystal
structure, though the quantitative description of the tem-
perature dependence of both magnetization and polariza-
tion should probably include the lattice effects [4].
II. METHOD
A. Electronic structure in LDA
The crystal structure of Fe2Mo3O8 (the space group
P63mc, No. 186) consists of the honeycomb-like layers
formed by the corner-sharing FeO4 tetrahedra and FeO6
octahedra, which are separated by trimerized kagome-
like layers of the MoO6 octahedra, as explained in Fig. 1.
We use the linear muffin-tin orbital (LMTO)
method [18, 19] and the experimental structure parame-
ters reported in Ref. [9]. The practical aspects of calcu-
lations (including the choice of atomic sphere, etc.) can
be found in Ref. [20]. The corresponding band struc-
ture in LDA is shown in Fig. 2. Some test calcula-
tions have been also performed using the full potential
Wien2k method [21], which reveals a good agreement
with the LMTO results, as discussed in Supplemented
Materials [22].
Owing to the trimerization of Mo kagome-like lay-
ers [4], the Mo 4d states form well separated groups of
t2g bands each of which corresponds to the particular
type of molecular orbitals. This can be understood as
follows. The formal configuration of octahedrally coor-
dinated Mo4+ ions is t22g. If intersite hybridization is
larger than the crystal field, as in the Mo3 trimer, two
t2g orbitals (t1 and t2 in Fig. 3) at each Mo site can
be chosen so to form the maximal overlap with either t1
or t2 orbitals of the neighboring Mo site, where each or-
bital participates in the hybridization in only one Mo-Mo
bond, as schematically illustrated in Fig. 3(b). In reality,
such hybridization can occur via the Mo-O-Mo paths of
the edge sharing MoO6 octahedra, as shown in Fig. 3(a)
or directly, as shown in Fig. 3(b). Therefore, in each
of the Mo-Mo bonds, the atomic t1 and t2 orbitals will
form bonding and antibonding molecular states, which
are schematically shown in Fig. 3(c). Then, the third t2g
orbital (t3 in Fig. 3) will be nonbonding. In solids, these
molecular levels will form bands, which can be still classi-
fied as bonding (at around −1.8 eV in Fig. 2), nonbond-
ing (at around 1 eV), and antibonding (at around 2.1
eV). Since the bonding-nonbonding-antibonding splitting
is much larger than the Hund’s coupling J (typically,
about 0.4 eV for Mo), the system will remain nonmag-
netic with six t2g electrons of the Mo3 trimer residing at
the bonding orbitals.
The magnetic Fe 3d bands, which are located near the
Fermi level, in the energy interval of about [−1.0, 0.8]
eV, are sandwiched between bonding and nonbonding Mo
bands. The Fe 3d and Mo 4d bands are separated from
3FIG. 1. Fragments of the crystal structure of Fe2Mo3O8 with the notations of main exchange interactions: (a) alternation of
honeycomb layers formed by FeO4 tetrahedra FeO6 octahedra and trimerized kagome layers of MoO6 octahedra in the unit cell
of Fe2Mo3O8; (b) nearest-neighbor interactions in the honeycomb layers; (c) interlayer interactions between tetrahedral and
octahedral Fe sites located in the first (J1⊥) and second (J
2
⊥) coordination spheres; (d) and (e) interlayer interactions between
tetrahedral and octahedral Fe sites, respectively. Fe, Mo, and O atoms are denoted by large, medium, and small spheres
respectively.
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FIG. 2. (Left panel) Total and partial densities of states in
the local density approximation. (Right panel) Correspond-
ing band structure calculated in the full LMTO basis (solid
curved) and in the Wannier basis for the Fe 3d bands. The
Fermi level is at zero energy (shown by dot-dashed line). No-
tations of the high-symmetry points of the Brillouin zone are
taken from Ref. [23].
each other by a finite energy gap, which makes straight-
forward the construction of the effective model for the Fe
3d bands. Furthermore, there are two groups of the Fe
3d bands: the t-Fe one, which is formed mainly by the
tetrahedral sites and located closer to the Fermi level, and
the o-Fe bands, formed by the octahedral sites, which are
split and located away from the Fermi level.
B. Effective model for the Fe 3d bands
The effective Hubbard-type model for the magnetic Fe
3d bands,
Hˆ =
∑
ij
∑
σσ′
∑
ab
tijabδσσ′ cˆ
†
iaσ cˆjbσ′ +
1
2
∑
i
∑
σσ′
∑
abcd
U iabcdcˆ
†
iaσ cˆ
†
icσ′ cˆibσ cˆidσ′ , (1)
is formulated in the basis of the Wannier functions [24], where cˆ†iaσ (cˆiaσ) is the operator of creation (annihilation)
4of an electron at the orbital a = xy, yz, 3z2−r2, zx, or
x2−y2 of the Fe site i with the spin σ =↑ or ↓ [25]. The
Wannier functions are constructed using the projector-
operator technique and the orthonormal LMTO’s as the
trial functions [26].
The one-electron part of the model Hamiltonian, tˆ =
[tabij ], is given by the matrix elements of the Kohn-Sham
LDA Hamiltonian in the Wannier basis. Since the latter
is complete in the subspace of the Fe 3d bands, the ob-
tained tˆ perfectly reproduces the original LDA bands in
this region (Fig. 2) [26]. Then, the matrix elements of tˆ
with i 6= j stand for the transfer integrals, while the ones
with i = j describe the crystal-field effects.
The scheme of atomic level splitting (the eigenvalues
of [tabij ] for i = j) is shown in Fig. 4. As expected, the 3d
levels are split into the triply-degenerate t2g ≡ a1g ⊕ e
′
g
and doubly-degenerate eg states. In the tetrahedral envi-
ronment, the eg states are located lower in energy, while
in the octahedral one the order of the t2g and eg levels is
reversed. The t2g-eg splitting (10Dq) is about −499 and
1133 meV at the t-Fe and o-Fe sites, respectively, which
is reasonable agreement with the results of the Wien2k
calculations (−625 and 1160 meV, respectively). The
splitting is substantially larger at the o-Fe sites, which
is consistent with the form of LDA density of states in
Fig. 2, where the t-Fe 3d states are located near the
Fermi level and sandwiched by the o-Fe 3d states from be-
low and above. In the hexagonal P63mc symmetry, the
MoMo
O
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FIG. 3. (a) The Mo3O13 cluster with the notations of Mo-
O-Mo paths mediating the hybridization between t2g orbitals
in each of the Mo-Mo bond. (b) Schematic view on the hy-
bridization in the Mo3 trimer: each Mo site donates one t2g
orbital for the hybridization in each of the Mo-Mo bonds,
resulting in the formation of bonding and antibonding molec-
ular states. These orbitals are denoted as t1 and t2 and shown
by the color of the bond in which they operate. The third t2g
orbital is nonbonding and denoted as t3. (c) Schematic view
of the bonding-nonbonding-antibonding splitting in the Mo3
trimer resulting in the nonmagnetic state, where six 4d elec-
trons of Mo3 reside at the bonding molecular orbitals. The
molecular levels are shown by the same color as forming them
atomic orbitals.
t2g levels are further split into non-degenerate a1g and
doubly-degenerate e′g states by about 1 and 59 meV at
the t-Fe and o-Fe sites, respectively (where the e′g states
are located lower in energy). The Wien2k method pro-
vides somewhat different scheme of the t2g level split-
ting: −126 and −53 meV at the t-Fe and o-Fe sites,
respectively, where the lower energy level is of the a1g
symmetry. The difference is related to the asphericity of
the Kohn-Sham potential in the Wien2k method. Never-
theless, some portion of this asphericity (and, therefore,
the crystal-field splitting) should be subtracted in order
to avoid the double-counting problem in the process of
solution of the Hubbard model (1), which also includes
the nonspherical effects, of the same origin, driven by the
screened on-site Coulomb interaction U iabcd [26]. Fortu-
nately, the t2g level splitting is not particularly large and
does not affect our finite results: in numerical calcula-
tions we used two schemes of the level splitting, obtained
in LMTO and Wien2k, and both of them yielded similar
conclusion regarding the form of the orbital ordering and
interatomic exchange interactions.
Thus, from the viewpoint of symmetry and atomic level
splitting, one can expect the following scenaria. First
of all, the majority-spin states of t-Fe and o-fe will be
fully occupied. Then, 2 minority-spin electrons can re-
side at the low-lying eg orbitals of t-Fe, resulting in the
charge-disproportionated solution d7td
5
o, which respects
the P63mc symmetry of Fe2Mo3O8. It may look at odds
with the scheme of crystal-field splitting (Fig. 4), where
the t2g orbitals of o-Fe are located lower in energy and
therefore are expected to be occupied first. However,
we will see in a moment that the d7t d
5
o solution is also
supported by the form of the screened on-site Coulomb
interactions. In the case of homogeneous solution d6t d
6
o
(the second scenario), each of the minority-spin electrons
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FIG. 4. Atomic level splitting at the tetrahedral (left) and
octahedral (right) Fe sites.
5TABLE I. Parameters of screened Coulomb interaction (U),
exchange interaction (J) and nonsphericity (B) for the tetra-
hedral and octahedral Fr sites in Fe2Mo3O8 (in eV).
t-Fe o-Fe
U 1.52 1.80
J 0.80 0.78
B 0.08 0.07
at the t-Fe and o-Fe sites will reside at the degenerate eg
and t2g orbitals, respectively, so that the system will tend
to lift the degeneracy through the Jahn-Teller distortion
and/or orbital ordering.
The parameters of screened on-site Coulomb inter-
actions, Uˆ = [U iabcd], were calculated using simplified
version of the constrained random-phase approximation
(RPA) [27], as explained in Ref. 26. Each 5×5×5×5 ma-
trix Uˆ = [U iabcd] can be fitted in terms of the Coulomb
repulsion U = F 0, the intra-atomic exchange interac-
tion J = (F 2+F 4)/14, and the nonsphericity B =
(9F 2−5F 4)/441, where F 0, F 2, and F 4 are the screened
radial Slater’s integrals [28]. The results of such fitting
are shown in Table I. One can see that the screened U
is relatively small. This is understandable considering
the electronic structure of Fe2Mo3O8: the Fe 3d bands
are sandwiched by the Mo 4d ones (Fig. 2), which also
have a large weight of the Fe 3d states and, therefore,
very efficiently screen the Coulomb interactions in the
target Fe 3d bands [26]. Furthermore, the Coulomb U
is smaller at the tetrahedral sites. This is also closely
related to the electronic structure of Fe2Mo3O8, where
the t-Fe 3d bands are mainly located near the Fermi
level, inside the o-Fe ones: since the screening in RPA is
governed by the electronic excitations between occupied
and unoccupied states, the strongest effect is expected
for those states, which are located near the Fermi level.
The change of the Coulomb repulsion parameter between
tetrahedral and orthorhombic sites, ∆U = Uo − U t, is
about 0.3 eV, which does not seem to be large. Nev-
ertheless, it corresponds to the change of the Coulomb
potential δvC = ∆U(n − 1) ∼ 1.5 eV for n = 6, which
tends to drive the system into the charge disproportion-
ation regime and formation of the electronic state d7td
5
o
instead of the charge homogeneous one d6td
6
o.
C. Solution of the model
The model (1) was solved in the mean-field Hartree-
Fock (HF) approximation [26] for the AFM and FRM
phases (see Fig. 5) as well as other magnetic configura-
tions, which were used for the construction of the spin
model [22]. The straightforward solution of the model
(1) leads to the d7t d
5
o configuration, which is supported
by the crystal-field splitting of the atomic 3d levels and
the values of the Coulomb repulsion U at the t-Fe and o-
AFM FRM
FIG. 5. Antiferromagnetic (AFM) and ferrimagnetic (FRM)
structure of Fe2Mo3O8. Fe and O atoms are denoted by large
and small spheres respectively. The directions of local mag-
netic moments at the tetrahedral and octahedral sites are
shown by small (brown) and big (blue) arrows, respectively.
The direction of net magnetization in each layer is shown by
fat (red) arrow in from of this layer.
Fe sites. The corresponding densities of states are shown
in Fig. 6. As expected, this solution is insulating: the
band gap is about 1 eV and formed between eg states of
t-Fe and t2g states of o-Fe.
Nevertheless, we do not rule out the possibility that
the obtained charge-disproportionated solution d7t d
5
o may
also be an artifact of calculations, because our model (1)
does not include the double-counting term [16]. The
double-counting term typically serve to subtract the por-
tion of Coulomb and exchange-correlation interactions,
which are already included at the level of LDA/GGA
(the generalized gradient approximation) [16]. In the ho-
mogeneous case with one type of correlated ions, this
correction is reduced to the constant energy shift and,
therefore, can be neglected, since calculating the Fermi
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FIG. 6. Partial densities of states as obtained in the
mean-field Hartree-Fock calculations for the antiferromag-
netic (AFM) and ferrimagnetic (FRM) charge disproportion-
ated d7td
5
o phases. The contributions of the t-Fe and o-Fe
atoms are shown by red and blue colors, respectively. In the
AFM case, the contributions of atoms located in the antifer-
romagnetically coupled adjacent layers are shown by solid and
dashed lines. The Fermi level, defined as the midpoint of the
band gap, is at zero energy.
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FIG. 7. Partial densities of states as obtained in the
mean-field Hartree-Fock calculations for the antiferromag-
netic (AFM) and ferrimagnetic (FRM) charge homogeneous
d6td
6
o phases. The contributions of the t-Fe and o-Fe atoms are
shown by red and blue colors, respectively. In the AFM case,
the contributions of atoms located in the antiferromagneti-
cally coupled adjacent layers are shown by solid and dashed
lines. The Fermi level, defined as the midpoint of the band
gap, is at zero energy.
level we restore status quo. However, if the screened
Coulomb repulsion is different at different atomic sites,
as in the case of the t-Fe and o-Fe, such correction can
be important.
Therefore, we have also considered the homogeneous
solution d6td
6
o, which can be obtained in constraint calcu-
lations fixing the number of 3d electrons at the t-Fe and
o-Fe sites. In fact, the original LDA calculations, where
no sizable charge disproportionation have been detected
(Fig. 2), also speak in favor of such homogeneous solu-
tion. The corresponding densities of states for the AFM
and FRM phases are shown in Fig. 7. In this case, the
on-site Coulomb interactions lift the orbital degeneracy
of the t-Fe eg and o-Fe t2g levels through the formation of
the orbitally ordered state, which breaks the P63mc sym-
metry, opens the bang gap of about 0.5 eV, and minimizes
the energy of interatomic exchange interactions [29].
In order to visualise this orbital ordering, we plot the
density formed by one minority-spin electron around each
Fe site, which was obtained by integrating the states in
the energy window [−1, 0] eV in Fig. 7. The results are
shown in Fig. 8 for the AFM and FRM phases. As ex-
pected, the change of the spin order from AFM to FRM
leads to the change of the orbital order and the spacial
reorientation of the occupied minority-spin orbitals so
to further stabilize the given spin order [29]. Loosely
speaking, the AFM coupling between nearest-neighbor
sites along the c axis, realized in the FRM phase, coex-
ists with the “ferro” orbital order, where the occupied
minority-spin orbitals in the bond are oriented in a sim-
ilar way. On the contrary, the ferromagnetic coupling
along c in the AFM phase coexists with the “antiferro”
orbital order, where the occupied orbitals form some an-
gle with respect to each other. In other words, in the
FRM case the system tends to fill the same orbitals for
o-Fe and t-Fe along c in order to minimize the energy
of superexchange interactions between these and other
orbitals, which have considerable overlap.
Finally, we note that the FRM d6td
6
o solution corre-
sponds to the compensated ferrimagnetic case, where the
t-Fe and o-Fe sublattices are inequivalent, but the net
spin magnetic moment is equal to zero.
D. Interatomic exchange interactions
The interatomic exchange interactions can be evalu-
ated by mapping the total energy change caused by the
reorientation of spins onto the Heisenberg model [30]:
HS = −
1
2
∑
ij
Jijei · ej , (2)
where ei is the direction of spin at the site i. In order
to evaluate Jij , we used two different techniques. The
first one is based on finite rotations of spins, where Jij is
related to the total energies of several collinear magnetic
configurations obtained by aligning each of the four Fe
spins in the unit cell either up or down. The method is
standard and widely used in electronic structure commu-
nity for the analysis of the magnetic properties.
The second method is based on the infinitesimal rota-
tions of spins near the equilibrium, where Jij are obtained
in the second order perturbation theory with respect to
the rotations of the self-consistent HF potentials at the
sites i and j [26, 30]:
Jij =
1
2pi
Im
∫ εF
−∞
dεTrL
{
∆VˆiGˆ
↑
ij(ε)∆VˆjGˆ
↓
ji(ε)
}
. (3)
Here, Gˆ↑,↓(ε) is the one-electron Green’s for the major-
ity and minority spin states, ∆Vˆi = Vˆ
↑
i − Vˆ
↓
i is the spin
part of the HF potential at the site i, εF is the Fermi en-
ergy, and TrL denotes the trace over the orbital indices.
Generally, the parameters Jij calculated using the second
technique depend on the magnetic state, thus reflecting
the change of the electronic structure and the orbital or-
dering. The comparison of such parameters, calculated in
different magnetic states, presents a test for the validity
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FIG. 8. Orbital ordering obtained in constrained Hartree-
Fock calculations for the configuration d6td
6
o in the case of
the antiferromagnetic (AFM) and ferrimagnetic (FRM) spin
order. A single occupied orbital of minority spin is shown.
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of the Heisenberg model, which can be defined locally, for
the infinitesimal spin rotations, but not necessary glob-
ally, to describe the energies of all possible spin configu-
rations where each spin can have an arbitrary direction,
irrespectively on the direction of its neighboring spins.
The results of Green’s function calculations are sum-
marized in Fig. 9 and the main exchange interactions are
explained in Fig. 1. Somewhat surprisingly, the exchange
interactions exhibit quite similar behavior for the solu-
tions d7td
5
o and d
6
td
6
o. Furthermore, we note the following:
(i) The orbital ordering accompanying the d6td
6
o solution
for the AFM and FRM states lowers the P63mc symme-
try. Such symmetry lowering is manifested in somewhat
different values of the exchange parameters, which are
realized in the crystallographically equivalent bonds, as
is clearly seen for J‖, J
t
⊥ and J
2
⊥ in the lower panel of
Fig. 9. Nevertheless, this difference is not particularly
large (for instance, in comparison with the difference be-
tween J‖, J
1
⊥, and other interactions). Therefore, in the
first approximation one can average the exchange pa-
rameters over the crystallographically equivalent bonds
and neglect the difference between them. Such problem
does not occurs for the solution d7td
5
o, which respects the
P63mc symmetry; (ii) Apart from the symmetry lower-
ing, which can be different for the AFM and FRM states
reflecting the difference in the orbital ordering, the av-
eraged parameters reveal very similar behavior for the
AFM and FRM states [22]; (iii) Very similar set of ex-
change parameters can be obtained by mapping the en-
ergies of collinear magnetic configurations and flipping
each spin instead of rotating it by an infinitesimal angle
(Table II). These arguments suggest that the spin model
(2) is well defined and can be used for the analysis mag-
netic properties of Fe2Mo3O8 in the wide temperature
range.
All Jij are antiferromagnetic. The AFM coupling be-
tween t-Fe and o-Fe in each layer is stabilized by J‖,
which is the strongest interaction in the system. The
magnetic ordering between the layers results from the
competition of three main interactions: the nearest-
neighbor (nn) interaction J1⊥ between t-Fe and o-Fe, to-
gether with J‖, tends to stabilize the FRM phase, while
the next-nn interactions J t⊥ and J
o
⊥ operating, respec-
tively, in the sublattices t-Fe and o-Fe favor (again, to-
gether with J‖) the AFM alignment. Furthermore, the
effect of J1⊥ is strengthened by 2nd neighbor interac-
tions J2⊥ between t-Fe and o-Fe: although J
2
⊥ is con-
siderably smaller, the number of such bonds is large (see
Fig. 1), making the total contribution comparable with
J1⊥. Thus, the relevant parameter responsible for the
emergence of the FRM order is J⊥ = J
1
⊥+ 6J
2
⊥. Consid-
ering the numbers of bonds, one can find the following
condition for the stability of the AFM phase relative to
the FRM one: |J⊥| < 3|J
t
⊥ + J
o
⊥|, which is satisfied for
both d7td
5
o and d
6
t d
6
o. Nevertheless, the AFM structure
is not the ground state of the model: the competition
of J‖, J⊥, and J
o
⊥ (J
t
⊥) should lead to the noncollinear
magnetic order with the propagation vector close to
q = (0, 0, 1/2) [22]. It would be interesting to chesk this
point experimentally. Finally, the exchange interaction
J t⊥ is considerably weaker than J
o
⊥, which has important
consequences on the magnetic properties of Fe2Mo3O8:
with the increase of the temperature (T ), the magnetiza-
tion in the t-Fe sublattice will tend to vanish faster than
in the o-Fe one (which is quite expected for the systems
with different magnetic sublattices [31]). Therefore, even
for the homogeneous solution d6td
6
o, where the net mag-
netization is zero at T = 0, both in the AFM and FRM
case, one can expect appearance of finite net magneti-
zation at finite T , which couples to the magnetic field
and can be used for the switching between the AFM and
FRM phases.
E. Parameters of electric polarization
We assume that the magnetic part of the electric po-
larization parallel to the z axis can be described by the
following expression:
P z =
1
2
∑
ij
Pijei · ej , (4)
which is similar to Eq. (2) for the exchange interaction
energy. In principle, Eq. (4) can be derived rigorously,
8TABLE II. Parameters of exchange interactions (in meV) obtained by mapping the total energies for the charge disproportionate
(d7td
5
o) and homogeneous (d
6
td
6
o) solutions of the effective electron model onto the isotropic spin model. The corresponding
averaged parameters obtained by using Green’s function perturbation theory technique for the infinitesimal spin rotations are
given in parentheses.
J‖ J⊥ J
o
⊥ J
t
⊥
d7td
5
o −5.63 (−5.44) −11.90 (−10.23) −3.77 (−3.41) −0.98 (−0.68)
d6td
6
o −5.74 (−5.40) −10.26 (−9.13) −3.20 (−3.04) −0.90 (−0.63)
by applying the Berry-phase theory of electric polar-
ization [32] to the model (1) [33] and considering the
limit of large U , as is typically done in the theories of
double exchange and superexchange interactions for the
spin Hamiltonian (2) without spin-orbit coupling [34, 35].
Nevertheless, since interatomic exchange interactions Jij
are well reproduced by mapping the total energies ob-
tained in the self-consistent Hartree-Fock calculations for
a limited number of magnetic configuration, we employ
here a similar strategy for P z and derive the parame-
ters Pij by mapping the values of electric polarization
obtained in the same calculations onto Eq. (4) and as-
suming that, similar to Jij , the main details of P
z can be
described by four independent parameters: J‖, J⊥, J
o
⊥,
and J t⊥. They are listed in Table III. Unlike Jij , the pa-
rameters Pij differ substantially in the case of d
7
t d
5
o and
d6td
6
o. In the former case, all parameters are large and
equally important, while in the latter case P o⊥ clearly
prevails. Somewhat unexpectedly, we have found large
P‖ for charge disproportionated configuration d
7
t d
5
o. In-
deed, P z is proportional to ∆z (the difference of atomic
z-coordinates in the bond), which is rather small for the
nn in-plane bonds (about 0.6 A˚). On the other hand,
the ionic charge difference between t-Fe1+ and o-Fe3+ is
large, which readily compensates the smallness of ∆z.
In the charge neutral regime, d6t d
6
o, P‖ is expectedly
small (and is fully associated with the redistribution of
the tails of the Wannier functions at the t-Fe and o-Fe
sites [34, 35]).
In principle, the model can be further extended to in-
clude antisymmetric and anisotropic effects driven by the
relativistic spin-orbit coupling. The corresponding ex-
pressions can be found in Ref. [35]. However, since the
magnetic transition takes place between two collinear
configurations, AFM and FRM, it is reasonable to ex-
pect that the main contribution to the change of P z is
isotropic and described by Eq. (4).
TABLE III. Parameters of electric polarization (in µC/m2)
obtained by mapping the polarizations obtained for charge
disproportionate (d7td
5
o) and homogeneous (d
6
td
6
o) solutions of
the effective electron model onto the isotropic spin model.
P‖ P⊥ P
o
⊥ P
t
⊥
d7td
5
o −384 −122 −302 194
d6td
6
o 41 24 −194 66
III. DISCUSSION
Much insight can be gained from the solution of
the spin model (2) in the molecular-field approximation
(MFA). Namely, the molecular field corresponding to the
spin Hamiltonian (2) is given by
hi = −
∑
j
Jijmj(T ) (5)
where mj(T ) = Mj(T )/|Mj(0)| is the relative magneti-
zation at the site j. Then, mi(T ) can be found from the
temperature averageMj = 2〈Sˆ
z
j 〉 of the spin operator Sˆ
z
j
in the molecular field hi:
mi(T ) =
hi
|hi|
BSi
(
|hi|
kBT
)
, (6)
where BSi is the Brillouin function for the spin Si [36].
The equations (5) and (6) are solved self-consistently and
the Ne´el temperature (TN) is defined as the minimal tem-
perature for which mi(T ) = 0. Then, the spin-dependent
part of the polarization in the AFM state, the total en-
ergy difference between the FRM and AFM phases, and
the polarization jump caused by the AMF-to-FRM tran-
sition can be evaluated as
P z =
(
2P⊥ − 6P‖
)
|mt||mo| − 6P
t
⊥m
2
t − 6P
o
⊥m
2
o, (7)
∆E = 4J⊥|mt||mo| − 12J
t
⊥m
2
t − 12J
o
⊥m
2
o, (8)
and
∆P z = −4P⊥|mt||mo|+ 12P
t
⊥m
2
t + 12P
o
⊥m
2
o, (9)
respectively. Unless specified otherwise, we use the pa-
rameters listed in Tables II and III. The results are sum-
marized in Figs. 10 and 11.
The molecular field estimate for TN is about 132 and
128 K for d7td
5
o and d
6
td
6
o, respectively. Quite expectedly,
similar sets of parameters Jij (see Table II) yield similar
values of TN. Thus, from this point of view the solutions
d7td
5
o and d
6
t d
6
o are “indistinguishable”. More rigorous
estimate for TN can be obtained by considering Tyab-
likov’s RPA [37], generalized to the case of multiple mag-
netic sublattices [38] and noncollinear magnetic ground
state [22], which is expected in both d7td
5
o and d
6
td
6
o mod-
els for Fe2Mo3O8 (see Sec. II D). The RPA yields TN = 55
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FIG. 10. Results of molecular-field theory for the spin model:
temperature dependence of magnetization, M , at the t-Fe
and o-Fe sites, net magnetic moment in the honeycomb layer,
∆M = (|Mo| − |Mt|)/2, recalculated per one Fe site, and the
total energy difference, ∆E, between ferrimagnetic and anti-
ferromagnetic phases calculated using parameters for the d7td
5
o
and d6td
6
o states.
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FIG. 11. Results of molecular-field theory for the spin model:
temperature dependence of the spin-dependent part of the
electric polarization (P z) in the antiferromagnetic phase and
the polarization jump (∆P z) caused by the antiferromagnetic-
to-ferrimagnetic transition calculated using parameters for
the d7td
5
o and d
6
td
6
o states.
and 54 K for d7td
5
o and d
6
td
6
o, respectively. The latter es-
timates are close to the experimental TN = 60 K [4, 5],
while the MFA values are typically overestimated. The
large difference between the MFA and RPA is related
to the existence of weakly dispersive regions of magnon
energies, which are nearly degenerate with the ground
state [22]. We have also used the full set of parameters,
obtained in the Green’s function calculations for d7td
5
o
(Fig. 9), which obeys the crystallographic P63mc symme-
try. This yields slightly smaller value of TN = 105 and 32
K in MFA and RPA, respectively. Thus, even though the
MFA substantially overestimates TN, it is still interesting
to explore the abilities of this approximation for the de-
scription of magnetoelectric properties of Fe2Mo3O8, at
least on the semi-quantitative level.
Since |J t⊥| ≪ |J
o
⊥|, the magnetization in the t-Fe and o-
Fe sublattice exhibits different temperature dependence,
where |Mt| tends to decrease more rapidly than |Mo| with
the increase of T . Then, the temperature dependence of
the net magnetization, ∆M = (|Mo| − |Mt|)/2, will be
nonmonotonous, with some “optimal value” correspond-
ing to the maximum of ∆M(T ), for which one can achieve
the largest energy gain caused by the interaction with the
external magnetic field. This effect is especially impor-
tant for d6t d
6
o, where the spins in the t-Fe and o-Fe sublat-
tices exactly cancel each other at T = 0, thus excluding a
linear coupling with the magnetic field. Nevertheless, at
finite T , such cancellation does not occur, giving rise to
the net magnetization in each honeycomb layer, the di-
rection of which can be controlled by the magnetic field
so to cause the AFM-FRM transition.
The key question is whether the AFM-FRM transition
can be induced by experimentally accessible magnetic
field, Hc, which depends on T and varies from about 2 T
at T ∼ 0.97 TN till 14 T at T ∼ 0.58 TN [4, 5]. Although
theoretical Hc, which can be estimated as Hc =
∆E
µB|∆M|
,
shows the same tendency, it is overestimated in compar-
ison with the experiment: for instance, at T ∼ 0.97 TN
our Hc is about 20 T and further increases with the de-
crease of T . One reason may be the overestimation of
∆E in MFA. Moreover, this ∆E has a maximum as a
function T : since |mt| decreases more rapidly, the last
term in Eq. (8) starts to prevail at elevated T and addi-
tionally stabilizes AFM order relative to the FRM one.
This worsens the agreement with the experimental data
for Hc. Another reason is that we do not consider the
lattice effects, assuming that the AFM and FRM phases
are described by the same crystal structure, while in real-
ity the lattice relaxation in the FRM phase will certainly
decrease the value of ∆E.
Thus, from the viewpoint of magnetism, the main dif-
ference between the d7td
5
o and d
6
td
6
o scenarios is that in the
former case ∆M remains finite even at small T , leaving
possibility of the AFM-FRM transition in the magnetic
field. This could be checked experimentally and accord-
ing to our estimates it will require Hc ∼ 40 T.
The behavior of spin-dependent part of the electric po-
larization is sensitive to the charge state of the Fe ions.
Since the parameters of polarization are generally smaller
for the homogeneous d6t d
6
o state (see Table III), P
z is
also smaller (by about factor 4 in comparison with d7td
5
o).
The obtained P z(0) = 0.27 µC/cm2 in the d7td
5
o model
is comparable with the experimental value of about 0.34
µC/cm2 [4]. Nevertheless, the overall shape of P z(T )
is quite different: the experimental dependence P z(T )
exhibits the jump at TN, which may signal that the mag-
netic transition is accompanied by the structural one [4],
while the theoretical P z decreases steadily down to TN.
The theoretical P z for d6t d
6
o has a clear maximum at
T ∼ 0.5 TN, similar to the behavior of ∆E (Fig. 10). This
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is because P o⊥ is the strongest parameter in the case of
d6td
6
o (see Table III), which clearly dominates with the in-
crease of T when other contributions to Eq. (7) decrease
due to more rapid decrease of |mt|. On the other hand,
P z in d7t d
5
o is nearly monotonous function of T : in this
case, the effect of P o⊥ is partly compensated by P
t
⊥, so
that the temperature dependence of P z is mainly con-
trolled by strong P‖ in the first term in Eq. (7). Thus, in
principle, the temperature dependence of P z can be used
to distinguish experimentally between the configurations
d7td
5
o and d
6
td
6
o.
Nevertheless, both scenaria yield a comparable polar-
ization jump ∆P z, caused by the AFM-FRM transition
near TN (see Fig. 11). First, ∆P
z does not depend on
P‖. Then, the effect of strong P
o
⊥ in the case of d
7
td
5
o is
compensated by P⊥ and P
t
⊥, which are also strong, while
in the case of d6td
6
o, ∆P
z is mainly controlled by P o⊥. The
value of ∆P z at T ∼ 0.8 TN is about −0.1 µC/cm
2, which
is comparable with the experimental data [4, 5]. Finally,
we note also that P z is positive while ∆P z is negative,
which is also consistent with the experimental situation.
IV. SUMMARY AND CONCLUSIONS
The magnetic exchange interactions and the origin of
giant magnetoelectric effect in Fe2Mo3O8 have been stud-
ied on the basis of microscopic toy model derived for
the magnetic Fe 3d states from the first-principles elec-
tronic structure calculations. In spites of its simplic-
ity, the model provides rather rich physics and accounts
for the magnetic properties of Fe2Mo3O8 on the semi-
quantitative level. Particularly, we propose two scenaria
for the magnetic behavior of Fe2Mo3O8. The first one is
based on the homogeneous distribution of the Fe2+ ions
amongst the t- and o-sites, while the second one involves
the charge disproportionation 2Fe2+ → Fe1++Fe3+ with
somewhat exotic ionization state 1+ at the t-sites. Both
scenaria lead ro similar sets of interatomic exchange in-
teractions, which are consistent with available experi-
mental data and explain the origin of the AFM and FRM
phases. The crucial test to distinguish between the d6td
6
o
and d7td
5
o configurations is the net magnetization in the
honeycomb layer at low T , which is expected to vanish
(and emerge only at elevated T ) in the case of d6td
6
o, but
remains finite in the case of d7td
5
o in the molecular-field
approximation, thus giving a possibility to control this
nagnetization and induce the AFM-FRM transition by
applying magnetic field.
Our calculations reproduce the order of magnitude of
the experimentally observed giant magnetoelectric effect
in Fe2Mo3O8, which we attribute to the electronic polar-
ization related to the change of the electronic structure
depending on the magnetic state, but for the fixed crystal
structure [39]. However, the quantitative description of
the temperature dependence of the polarization change
will probably require the lattice effects, as was suggested
in Ref. [4].
Another interesting problem, which was not addressed
in the present work, is the effects of relativistic spin-orbit
(SO) interaction and the orbital magnetism, which are
expected to play an important role especially in the d6t d
6
o
configuration with the orbital degeneracy. Nevertheless,
the problem is rather complex to be systematically stud-
ied in the present publication. Briefly, in the case of
d7td
5
o, our mean-field HF calculations for the available ex-
perimental P63mc structure with the SO coupling yield
unquenched orbital moment of about 0.4 µB at the t-Fe
sites, which has the same direction as the spin one, ac-
cording to third Hund’s rule. The orbital moment at the
o-Fe sites is negligibly small as expected for the d5 config-
uration. Thus, the orbital magnetization contributes to
the net magnetic polarization in the honeycomb layer,
though this contribution is not particularly strong in
comparison with the spin one. In the d6t d
6
o case, the
SO interaction lifts the orbital degeneracy lowering the
P63mc symmetry and resulting in the canted spin state.
In the ground state, the canting is such that the z (c)
components of magnetic moments are ordered as AFM,
while the xy (ab) components form the FRM structure.
Beside spin, we also expect the orbital magnetization of
the order of 0.6 µB at the t-Fe and o-Fe sites. Thus, if
this scenario is correct, the AFM-FRM transition can be
tuned continuously, by applying the magnetic field in the
xy plane and thus tune the value of the electric polariza-
tion.
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